Abstract. It will be shown that if φ is a quasiperiodic flow on the n-torus that is algebraic, if ψ is a flow on the n-torus that is smoothly conjugate to a flow generated by a constant vector field, and if φ is smoothly semiconjugate to ψ, then ψ is a quasiperiodic flow that is algebraic, and the multiplier group of ψ is a finite index subgroup of the multiplier group of φ. This will partially establish a conjecture that asserts that a quasiperiodic flow on the n-torus is algebraic if and only if its multiplier group is a finite index subgroup of the group of units of the ring of integers in a real algebraic number field of degree n.
Introduction
The multiplier group of a (smooth, i.e. C ∞ ) flow φ on the n-torus, T n = R n /Z n , is the image of the multiplier representation ρ φ : S φ → R * ≡ R\{0} of the flow's generalized symmetry group, S φ = {R ∈ Diff(T n ) : there is α ∈ R * for which R * X φ = αX φ }, which representation takes each R ∈ S φ to its unique multiplier, or uniform scaling factor, α = ρ φ (R). (Here and elsewhere, Diff(T n ) is the group of smooth diffeomorphisms of T n , X φ (θ) = (d/dt)φ(t, θ)| t=0 , θ ∈ T n , is the smooth vector field generating φ, V * X φ = TV X φ V −1 is the push-forward of X φ by V ∈ Diff(T n ), and T is the tangent functor.) The multiplier group, M φ = ρ φ (S φ ), is an absolute (but incomplete) invariant of the smooth conjugacy class of φ (Theorem 4.2 in [4] ), absolute in the sense that if φ is smoothly conjugate to ψ (i.e. if there exists a V ∈ Diff(T n ) such that V * X φ = X ψ ), then M φ = M ψ (they are identical subsets of R * , the multiplicative real group). It will be shown that if φ is a quasiperiodic flow on T n , if ψ is a flow on T n that is smoothly conjugate to a flow generated by a constant vector field, and if φ is smoothly semiconjugate to ψ (i.e. if there exists a surjective V in C ∞ (T n ) -the monoid of smooth maps from T n to T n -such that TV X φ = X ψ V ), then
(1) ψ is quasiperiodic (Theorem 2.5), (2) M φ ⊃ M ψ (Corollary 3.2), and (3) M ψ is a finite index subgroup of M φ whenever M φ is finitely generated (Corollary 3.4). Recall that a flow φ on T n is quasiperiodic if and only if there is V ∈ Diff(T n ) such that V * X φ is a constant vector field whose n real components, or frequencies, are independent over Q (pp.79-80 in [7] ) . The main result (Theorem 3.5) is that if φ is a quasiperiodic flow on T n that is algebraic (i.e. there exists a ϑ ∈ R * and a real algebraic number field F of degree n such that the components of the constant vector field ϑ(V * X φ ) form a basis for F as an n-dimensional vector space over Q), if ψ is a flow that is smoothly conjugate to a flow generated by a constant vector field, and if φ is smoothly semiconjugate to ψ, then ψ is a quasiperiodic flow that is algebraic, and M ψ is a finite index subgroup of M φ . (Recall that an algebraic number field is a finite dimensional field extension of Q.) Example 1.1. (Illustration of Main Theorem) Consider the flows φ and ψ on T 2 , equipped with global coordinates θ = (θ 1 , θ 2 ), generated by
The flow φ is quasiperiodic (because (1+ √ 2)/1, the ratio of its frequencies, is a root of the irreducible quadratic polynomial z 2 − 2z − 1 in the polynomial ring Q[z]; see Theorem 2.3 in [1] ). Also, the components of X φ form a basis for the real algebraic number field F = Q( √ 2) = {a + b √ 2 : a, b ∈ Q} of degree 2; hence φ is algebraic, and
be the surjective map induced by the invertible integer matrix 3 1 1 2 .
Then φ is semiconjugate to ψ by V because TV X φ = X ψ = X ψ V . The flow ψ is also quasiperiodic (because the ratio (3 + 2
, and the components of X ψ form a basis for Q( √ 2) as well; hence ψ is algebraic and
F (see Example 3.9 in [3] ), so that M ψ ⊂ M φ with M φ finitely generated. Since for each α ∈ M ψ there are u 1 , u 2 ∈ Z such that
On the other hand, the unimodular matrix
so that (TR) 3 is "semiconjugate" to TQ by TV .) Since ±1 ∈ M ψ (which is the case for any quasiperiodic flow by Theorem 2.3 in [2] ), then M ψ = {±(1 + √ 2) 3k : k ∈ Z} which is a subgroup of M φ of index 3.
As in the example there is, for a given real algebraic number field F of degree n, a quasiperiodic flow φ on T n such that φ is algebraic and M φ = o * F (the frequencies of φ are the elements of an integral basis for F ; see Theorem 3.8 in [3] ). By Dirichlet's Unit Theorem (see p.21 in [10] ), the group o φ possesses multipliers other than ±1). Applying the main result to any flow ψ on T n which is smoothly conjugate to a flow generated by a constant vector field, for which φ is smoothly semiconjugate to ψ, shows that ψ is a quasiperiodic flow that is algebraic and that M ψ is a finite index subgroup of o * F . This partially establishes a conjecture (Conjecture 4.2 in [3] ) that asserts that a quasiperiodic flow ψ on T n is algebraic if and only if there is a real algebraic number field F of degree n such that M ψ is a finite index subgroup of o * F .
Semiconjugacy and Covering Maps
One of the key elements in the proof of main result is the topological result that a surjective V ∈ C ∞ (T n ) is a covering map (Theorem 2.5) whenever V is a smooth semiconjugacy from φ to ψ (i.e. TV X φ = X ψ V ) with φ quasiperiodic and φ smoothly semiconjugate to a flow generated by a constant vector field
The (universal) covering map π : R n → T n is a local diffeomorphism whose deck transformations are the translations in R n by m ∈ Z n . A lift of a continuous map
(Such aK exists by the Lifting Theorem (see p.143 in [5] for example) since the fundamental group of R n is trivial; any two lifts of K differ by a deck transformation of π.)
-the monoid of smooth maps from R n to R n -since K is smooth and π is a local diffeomorphism. The identification of the n-torus with R n /Z n determines the global coordinates θ = (θ 1 , . . . , θ n ) on T n , and the concomitant global coordinates x = (x 1 , x 2 , . . . , x n ) on R n such that θ i = x i mod 1, i = 1, 2, . . . , n. In terms of these coordinates on R n , let M(n, Z) denote the monoid of n × n matrices with integer entries, and let GL(n, Z) denote the unimodular group (i.e. those matrices in M(n, Z) with determinant ±1). The proof of the following relationship between a map in C ∞ (T n ) and its lifts in C ∞ (R n ) uses standard arguments in topology, and is therefore omitted. (Here, Diff(R n ) is the group of diffeomorphisms of R n .)
The covering map π : R n → T n induces the covering map Tπ : TR n → TT n . There is only one lift of a vector field X on T n that is a vector field on R n (Lemma 3.2 in [2] ). This lift, denoted byX, satisfies Xπ = TπX. In particular, the lift of a constant vector field
The restriction that the equation TV X φ = X ψ V on TT n places on V is extracted by first lifting this equation to TR n .
Lemma 2.2. Let X and Y be vector fields on T n , and letK ∈ C ∞ (R n ) be a lift of
Proof. Since Kπ = πK, Xπ = TπX, and Y π = TπŶ , it follows that
Theorem 2.3. Let X and Y be constant vector fields on T n , and letK in
. If the components of X are independent over Q and if TKX = Y , then there exist B in M(n, Z) in GL(n, Z) and c ∈ R n such thatK(x) = Bx + c for all x ∈ R n .
Proof.
hence TKX =Ŷ K =Ŷ sinceŶ is a constant vector field. The form ofK iŝ
for smooth functions f i : R n → R, i = 1, 2, . . . , n. The equation TKX =Ŷ written out is an uncoupled system of n linear, first order partial differential equations with constant coefficients:
Suppose the coefficients of X are linearly independent over Q. This implies that a n = 0, so that by the method of characteristics (see [9] for example), the general solution of the uncoupled system is f i (x) = d i a n x n + h i x 1 − a 1 a n x n , . . . , x n−1 − a n−1 a n x n for arbitrary smooth functions h i :
for all (s 1 , . . . , s n−1 ) ∈ R n−1 and all m ∈ Z n . Differentiation of both sides of this with respect to s j followed by evaluation at s = 0 gives for each i = 1, . . . , n and each j = 1, . . . , n − 1 that ∂h i ∂s j m 1 − a 1 a n m n , . . . , m n−1 − a n−1 a n m n = ∂h i ∂s j (0, . . . , 0)
for all m ∈ Z n . The independence of the a i 's over Q implies the denseness of subset m 1 −(a 1 /a n )m n , . . . , m n−1 −(a n−1 /a n )m n : m ∈ Z n in R n−1 (by Lemma 4.2 in [2] ), so that the smoothness of the h i 's implies that ∂h i /∂s j = b 
An immediate consequence of Theorem 2.3 is that up to a translation, a V ∈ C ∞ (T n ) (not assumed surjective) that satisfies TV X φ = X ψ for X φ and X ψ constant vector fields and φ quasiperiodic, is a map that is induced by a matrix B in M(n, Z), i.e. TV = B. Those B in M(n, Z) with det B = 0 belong to GL(n, Q) (the group of n × n matrices with rational entries and nonzero determinant).
Lemma 2.4. Let X and Y be constant vector fields on T n , and letV be the lift of a surjective V ∈ C ∞ (T n ). If the components of X are independent over Q and if
Proof. Suppose that V is surjective and that TV X = Y . The independence of the components of X over Q implies by Theorem 2.3 thatV (x) = Bx + c for B ∈ M(n, Z) and c ∈ R n . Thus B = TV ∈ M(n, Z). Suppose that det B = 0. Then V (R n ) is a nowhere dense subset of R n . IfV (R n ) + m is the translation ofV (R n ) by m ∈ Z n , then R n = ∪ m∈Z n V (R n ) + m by the Baire Category Theorem. This means that there exists x ∈ R n such that
, so that V is not surjective. This contradiction implies that TV ∈ GL(n, Q). Theorem 2.5. If φ is a quasiperiodic flow on T n , if ψ is a flow on T n that is smoothly conjugate to a flow generated by a constant vector field, and if φ is smoothly semiconjugate to ψ by a surjective V ∈ C ∞ (T n ), then ψ is quasiperiodic and V is a covering map. If, in addition, φ is algebraic, then ψ is algebraic also.
Proof. By the hypotheses, there are K, U ∈ Diff(T n ) and a surjective V ∈ C ∞ (T n ) such that K * X φ and U * X ψ are constant vector fields, the components of X φ being independent over Q, and TV X φ = X ψ V .
Let Φ be the quasiperiodic flow on T n generated by X Φ ≡ K * X φ , and let Ψ be the quasiperiodic flow on T n generated by X Ψ ≡ U * X ψ . Then Φ is smoothly semiconjugate to Ψ by the surjective
, it follows by Lemma 2.4 that B = T(ÛVK −1 ) ∈ M(n, Z) ∩ GL(n, Q). Since X Ψ = BX Φ by Lemma 2.2, the independence of the components of X Φ over Q then implies that of the components of X Ψ ; thus ψ is quasiperiodic. If φ is algebraic, then there is a ϑ ∈ R * and a real algebraic number field F of degree n such that the components of ϑX Φ form a basis for F . Since B ∈ GL(n, Q) and since X Ψ = BX Φ , the components of ϑX Ψ form a basis for F as well. Hence ψ is algebraic.
Since U V K −1 is induced by B (up to a translation) and since det B ∈ Z \ {0}, then U V K −1 is a | det B| to 1 map. This means that for any sufficiently small open connected subset O of T n , the inverse image (U V K −1 ) −1 (O) consists of | det B| components each homeomorphic to O by U V K −1 , and hence U V K −1 is a covering map. Since U, K ∈ Diff(T n ), it follows that V is a covering map as well.
Semiconjugacy and Multiplier Groups
Additional key elements in the proof of the main result are two "semiconjugacy" relations between S φ and S ψ in terms of a smooth semiconjugacy V from φ to ψ (described in Theorems 3.1 and 3.3), which are valid when φ and ψ are generated by constant vector fields and φ is quasiperiodic.
Theorem 3.1. Let φ and ψ be flows on T n generated by constant vector fields, with φ quasiperiodic. If φ is smoothly semiconjugate to ψ by a surjective V ∈ C ∞ (T n ), then for each Q ∈ S ψ there is R ∈ S φ such that QV = V R and ρ φ (R) = ρ ψ (Q).
Proof. Suppose TV X φ = X ψ for a surjective V ∈ C ∞ (T n ). By Theorem 2.5, the quasiperiodicity of φ implies that ψ is quasiperiodic and that V is a covering map. A fixed liftV satisfies TVX φ =X ψ by Lemma 2.2 where TV ∈ M(n, Z) ∩ GL(n, Q) by Lemma 2.4. Since TV Tπ = TπTV , it follows that V is a local diffeomorphism.
Let Q ∈ S ψ and set α = ρ ψ (Q). Since V is a covering map, there is by the Lifting Theorem (see p.143 in [5] for example) a continuous map R : T n → T n such that QV = V R. Since Q ∈ Diff(T n ) and since V is a local diffeomorphism, it follows that R ∈ C ∞ (T n ). Fix a liftR. IfQ is a lift of Q, then πQV = QV π = V Rπ = πVR, so thatQV andVR are lifts of QV . These two lifts differ by a deck transformation: there is an m ∈ Z m such that i mQV =VR where i m (x) = x + m. But i mQ is just another lift of Q. ReplacingQ with i mQ givesQV =VR and T(QV ) = T(VR).
The generalized symmetry Q of ψ satisfies TQX ψ = Q * X ψ = αX ψ ; hence TQX ψ = αX ψ by Lemma 2.2. (The only lift of αX ψ that is a vector field is αX ψ ; see Lemma 3.4 in [2] .) The quasiperiodicity of ψ implies by Theorem 2.3 that TQ ∈ GL(n, Z). Since the mapR satisfies
and since det TV = 0, it follows that TRX φ = αX φ ; hence TRX φ = αX φ by Lemma 2.2. The quasiperiodicity of φ implies by Theorem 2.3 that TR ∈ M(n, Z). Since T(QV ) = T(VR), it follows that det TQ det TV = det TV det TR.
Since det TQ = ±1 and det TV = 0, then det TR = ±1, so that TR ∈ GL(n, Z). With B = TR, thenR(x) = Bx + c for c ∈ R n , so thatR(x + m) −R(x) = Bm for all x ∈ R n and all m ∈ Z n . Thus R ∈ Diff(T n ) by Theorem 2.1. Since R * X φ = TRX φ = αX φ , it follows that R ∈ S φ with ρ φ (R) = α = ρ ψ (Q). Corollary 3.2. If φ is a quasiperiodic flow on T n , if ψ is a flow on T n that is smoothly conjugate to a flow generated by a constant vector field, and if φ is smoothly semiconjugate to ψ, then M φ ⊃ M ψ .
Proof. Since the multiplier group is an absolute invariant of the smooth conjugacy class of a flow, and since a quasiperiodic flow is smoothly conjugate to a flow generated by a constant vector field, Theorem 3.1 implies that M φ ⊃ M ψ . Theorem 3.3. Let φ and ψ be flows on T n generated by constant vector fields, with φ quasiperiodic. If φ is smoothly semiconjugate to ψ by a surjective V ∈ C ∞ (T n ), then for each R ∈ S φ there exists k ∈ Z + and Q ∈ S ψ such that QV = V R k and
Proof. Suppose TV X φ = X ψ for a surjective V ∈ C ∞ (T n ), and fix a liftV ∈ C ∞ (R n ). The quasiperiodicity of φ implies by Theorem 2.3 that there is B ∈ M(n, Z) and c ∈ R n such thatV (x) = Bx + c. By Lemma 2.4, the matrix B = TV is in GL(n, Q), so thatV ∈ Diff(T n ). Since TVX φ =X ψ by Lemma 2.2, then TV −1X ψ =X φ . Let R ∈ S φ , set α = ρ φ (R), and fix a liftR. Since TRX φ = R * X φ = αX φ , then TRX φ = αX φ by Lemma 2.2, and TR ∈ GL(n, Z) by the quasiperiodicity of φ and Theorem 2.3. Since TV ∈ GL(n, Q) and since GL(n, Z) is a subgroup of GL(n, Q), the matrix TV TRTV −1 is in GL(n, Q) and has the same characteristic polynomial as that of TR, which polynomial has integer coefficients. (The matrix TV TRTV −1 would be in GL(n, Z) for any R ∈ S φ if GL(n, Z) were a normal subgroup of GL(n, Q); but as simple examples show, GL(n, Z) is not a normal subgroup of GL(n, Q).) A result in commutative ring theory (Theorem 2 in [6] ) states that an n × n matrix with rational entries, with determinant ±1, and with a characteristic polynomial having integer coefficients, has a power whose entries are integers. Thus, there is a k ∈ Z + such thatB = (TV TRTV
is in Diff(R n ) (sinceV andR are) and satisfies TW =B. Thus there isc ∈ R n such that W (x) =Bx +c, from which it follows that W (x + m) − W (x) =Bm for all x ∈ R n and all m ∈ Z n . By Theorem 2.1, the map W is a lift of a Q ∈ Diff(T n ). ThusQ =VR kV −1 , so that
The surjectiveness of π implies that QV = V R k . Moreover,
Corollary 3.4. Suppose that φ is a quasiperiodic flow on T n , that ψ is a flow on T n that is smoothly conjugate to a flow generated by a constant vector field, and that φ is smoothly semiconjugate to ψ. If M φ is finitely generated, then M ψ is a finite index subgroup of M φ .
Proof. It suffices to show that M ψ is a finite index subgroup of M φ when φ and ψ are generated by constant vector fields (since the multiplier group is an absolute invariant of the smooth conjugacy class of a flow, and since a quasiperiodic flow is smoothly conjugate to a flow generated by a constant vector field).
Suppose that M φ is finitely generated: there are α i ∈ M φ , i = 1, . . . , l such that M φ = a 1 , . . . , a l (the smallest subgroup of R * that contains {a 1 , . . . , a l }). For each α i there is by Theorem 3.3 a k i ∈ Z + such that α Theorem 3.5. If φ is a quasiperiodic flow on T n that is algebraic, if ψ is a flow on T n that is smoothly conjugate to a flow generated by constant vector field, and if φ is smoothly semiconjugate to ψ, then ψ is a quasiperiodic flow that is algebraic, and M ψ is a finite index subgroup of M φ .
Proof. The hypotheses and Theorem 2.5 imply that ψ is a quasiperiodic flow that is algebraic. Since φ is algebraic, there is a real algebraic number field F of degree n such that M φ is a subgroup of o * F (Theorem 3.4 in [3] ). The group o * F is finitely generated (Dirichlet's Unit Theorem), so that M φ is finitely generated (Corollary 1.7, p.74 in [8] ). By Corollary 3.4, M ψ is a finite index subgroup of M φ .
An application of Theorem 3.5 gives the existence of multipliers of a quasiperiodic flow ψ other than ±1 when there is an algebraic quasiperiodic flow φ with multipliers other than ±1 such that φ is smoothly semiconjugate to ψ. (This sufficient condition for the existence of multipliers other than ±1 was implicitly used in Example 1.1.) Corollary 3.6. Suppose that φ is a quasiperiodic flow on T n that is algebraic, with X φ a constant vector field and M φ \ {1, −1} = ∅. If ψ is the flow on T n generated by X ψ = BX φ for any B ∈ M(n, Z) ∩ GL(n, Q), then M ψ \ {1, −1} = ∅.
Proof. Any B ∈ M(n, Z) ∩ GL(n, Q) induces a surjective V ∈ C ∞ (T n ), so that if X ψ = BX φ = TV X φ , then [M φ : M ψ ] is finite by Theorem 3.5. If M φ \ {1, −1} = ∅, then M φ has an infinite cyclic factor, which implies that M ψ \ {1, −1} = ∅.
